Red-blue pebbling revisited: near optimal parallel
matrix-matrix multiplication
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1Lynn Elliot Cannon. 1969. A Cellular Computer to Implement the Kalman Filter Algorithm. Ph.D. Dissertation.

2Jaeyoung Choi, David W Walker, and Jack J Dongarra. 1994. PUMMA: Parallel universal matrix
multiplication algorithms on distributed memory concurrent computers. Concurrency: Practice and Experience 6, 7
(1994), 543-570.

3Robert A Van De Geijn and Jerrell Watts. 1997. SUMMA: Scalable universal matrix multiplication algorithm.
Concurrency: Practice and Experience 9, 4 (1997), 255-274.
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COSMA: a parallel matFix-matrix multiplication algorithm that is fftar communication-optimal for all combinations of matrix
dimensions, processor counts, and memory sizes

SC19 Best Student Paper Award®
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5Grzegorz Kwasniewski, Marko Kabi¢, Maciej Besta, Joost VandeVondele, Raffaele Solca, and Torsten Hoefler.
2019. Red-blue pebbling revisited: near optimal parallel matrix-matrix multiplication.

R ABK BEZ likZ HENFR

Red-blue pebbling revisited: near optimal parallel matrix-matrix multiplication 8 /12



# X H COSMA

 BMHETE a x ax b WFEIB: BEKB— =ML IE
B, REGETARNEFEKRNS REITHEITRIL (a,b) .
= tR#E red-blue pebbling game IBit, ¥FitEKkFHBE I
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Algorithm 1 COSMA

Input: matrices A € R™*k, B ¢ Rkxn,

number of processors: p, memory size: S, computation-l/O tradeoff ratio p

Output: matrix C = AB € R"*"

10;
1
12

a — FindSeqSchedule(S, m,n,k,p) > scquential VO optimality (§ 5)
b« ParallelizeSched(a, m, n, » parallel /0 optimality (§ 6)
(G. @opt, bopt) « FitRanks(m, 5)
forall p; € {1...p} do in parallel
(Ar, By, C1) — GetDataDecomp(A, B, G. pi)
5-a?
se {T;gJ > latency-minimizing size of a step (6.3)
1 ""{"} » number of steps
forj € {1...1}do
(A4, By) « DistrData(A;, By, G, j, pi)
Cp « Multiply(Ay, By, j) » compute locally
end for
C « Reduce(C}, G) » reduce the partial results
end for

Figure 1: COSMA {44t55

‘The local domain 1 is a grid of size [a X a X b], containing b
outer products of vectors of length a. The optimization problem
of finding Pops using the computational intensity (Lemma 2) is
formulated as follows:

@b
wrab+a®
subject to:

‘maximize p = 6}
4 <5 (the IO constraint)

o, _ mnk
b= "2 the load balance constaint)
S = mn + mk + nk (matrices must fit into memory)

‘The 1/O constraint a® < S is binding (changes to equality) for

p < ™ _Therefore, the solution to this problem is:
- 1KY [T (1K)
a=min V5. (7). b= max [T (TE) 7))
The /O complexity of this schedule is:
3 amnk |k §
0= .n(ﬁux[T)] ©)

Figure 2: A4k (a, a, b)
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m 552 dm, dn, dk {E m/dm ~ n/dn ~ k/dk, FSBEREL.

= RI|AFRERS, REB—FHHE m,n, k EREA T3
TTHITHSHE RITXIS -

Figure 3: https://github.com/eth-cscs/COSMA/
blob/v2.5.1/src/cosma/strategy.cpp#L343
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https://github.com/eth-cscs/COSMA/blob/v2.5.1/src/cosma/strategy.cpp#L343
https://github.com/eth-cscs/COSMA/blob/v2.5.1/src/cosma/strategy.cpp#L343
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Thank you!
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